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[. Koornwinder
tract

Let the region S = {(x,y) | u(x+iy,x-iy) > 0}
the interior of Steiner's hypocycloid, where u(z,z) = - 2252 + 4z

23 - 182%Z +-27. For each real a > — 5/6 an orthogonal system of poly-
ial pg n ¢z,z) , m, n = 0, can be defined on this region S such that
3

n.(z,E) - szn has degree less than m + n and

JJ Pg’n(z,i) a(z,2) (u(2,2))%x dy = 0
S

ei(s+t/\/§)

each polynomial q of degree less thanm + n. If z =

l(_S+t//§)+ e_21t/‘/3 then, in terms of s and t, the functions p;%
9

u% pi_l -1 are the regular eigenfunctions of the operator
b

asz + 3 /Bt2 which remain invariant or change sign, respectively,

ar the reflections in the edges of a certain equilateral triangle.

explicit partial differential operators D? and D; in z and z of

sars two and three, respectively, are obtained such that the polynomi-
pi,n are eigenfunctions of D? and D;. The operators D? and Dg

nute and are algebraically independent, and they generate the algebra
all differential operators for which the polynomials Pi,n are eigen-

ctions. If a = 0, 3/2 or 7/2 then the operator D? expressed in terms

s and t is the radial part of the Laplace-Beltrami operator on cer-

n compact Riemannian symmetric spaces of rank two.

This paper is not for review; it is meant for publication in a journal.







troduction

This paper deals with orthogonal polynomials in two variables on a
n bounded by a closed three-cusped algebraic curve of fourth degree

is known as Steiner's hypocycloid. The weight function is some

of the fourth degree polynomial which vanishes on this curve. The
result in this paper is the construction of two algebraically inde-
nt partial differential operators of orders two and three, respec-
y, for which these orthogonal polynomials are eigenfunctions. Because
e existence of such operators these polynomials can be considered as
eralization of the classical orthogonal polynomials in one variable.

Another generalization of this type was studied in the author's
ous paper (6], which dealt with orthogonal polynomials on a region
ed by two lines and a parabola touching these lines. The main dif-
ce between these two classes of polynomials is the method of orthog-
zation. In [6] we orthogonalized the sequence un_kvk, n=zk =20,
iged by the lexicographic ordering of the pairs (n,k). In the present
-, if z = x+iy,Z = x-iy  then the polynomial pm’n(z,E) is defined
that pm,n(z,E)—szn has degree less than m + n and pm,n is orthog-
to all polynomials of degree less than m + n. Thus the polynomials

m+ n = N, form a basis for the class of all orthogonal polynomials
.gree N. For the special region and class of weight functions consid-
here it can be proved that this is an orthogonal basis.

A special case of the orthogonal polynomials studied in [6] can be
ned by considering the functions cos ns cos kt + cos ks cos nt, which
sigenfunctions of the Laplace operator satisfying certain symmetry
:ions. Expressed in the variables u = cos s + cos t, V = cos s cost,
» functions are orthogonal polynomials with respect to the weight
:ion (1-u+v)_%(l+u+v)_%(u2-4v)_%. Similarly, the point of departure
1e present paper are the regular eigenfunctions of 32/832 + 32/3t2
1 are invariant under the reflections in the edges of some equilateral
igle. Let the interior of this triangle be denoted by R. After a
ible linear transformation (s,t) + (o,7) these eigenfunctions can be

i(ko + 1t)

sssed as sums of at most six distinct terms e , k, 1 integers,

they constitue a complete orthogonal system on the region R. This is




discussed in §2.

The two non-constant elgenfunctlons correspondlng to the largest

. io -iT 1 -0+
elgenvalue are the functions z = e + e + ( 2 and its complex

conjugate z. If z = x + iy then the mapping (s,t) + (x,y) is bijective
from R onto a region bounded by Steiner's hypocycloid. This last region
#ill be denoted by S. In terms of z and Z, the eigenfunctions of

37/3s” + az/at2 satisfying the symmetry relations mentioned above are
polynomials for which the term of highest degree takes the form 2"z .
These polynomials are orthogonal on the region S with respect to the
veight function (u(z,Z))—%, where u(z,z) is a fourth degree polynomial
such that u(z,Z) > 0 on S and u(z,Z) = 0 on 9S. These results are con-
tained in §3. It is also shown there that orthogonal polynomials on S with
espect to the weight function (u(z, z))2 are related to the eigenfunctions
£ 9 /Bs + 3 /Bt2 which change sign under the reflections in the edges of
R.

Because of the previous considerations the region S, the weight
‘unction (u(z,E))a and the method of orthogonalization described earlier
ire quite natural for the definition of a class of orthogonal polynomials.
'or reasons of convergence let o > = 5/6. Then p (z z) is defined as a

jolynomial such that p (z z) - z"z" has degree 1ess than m *+ n and

j pi n(z,E) q' (z,2) (u(z,z))a dx dy = 0 for each polynomial q of degree
9
S

.ess than m + n. Some simple properties of the polynomials pg o are given
3

n §4. It is also pointed out in this section that the so-called disk po-
ymonials provide a more elementary example of the method of orthogonal-

zation used for the polynomials pi
3

By the elementary interpretation of the functions pu n for a =% |
3

ne easily obtains in this case differential operators D? and Dg of orders

wo and three, respectively, for which the functions pz q, are eigenfunc-
3

ions. For other values of o these operators can be generalized such that

hey are self-adjoint with respect to the weight function (u(z,E))a. In

5 and §6 such operators D? and D;, respectively, are constructed and it is




that for all a > - 5/6 the functions pz o 2re eigenfunctions of D?
: H

. As a corollary it follows that

npiluadxdy=01f (m,n) # (k,1), m+n=%k + 1. In [6, 55] a
b

11 differential operator D2 of fourth order was obtained as the prod-
"D of two second order operators D and D+. Although the corre-

.ng operator DZ considered here has 1oweriorder, it cannot be fac-

d. For this reason its construction is more complicated.

For certain values of o the operator D? expressed in terms of s and
‘he radial part of the Laplace~Beltrami operator on certain compact
mnian symmetric spaces of rank two. Hence it is reasonable to expect
‘or such a the functions Pz,n are spherical functions and the

:or D; is the radial part of some invariant differential operator on
yrresponding symmetric space. However, this will not be proved her.
This paper concludes in §7 with a discussion of the algebra of all
11 differential operators for which the polynomials p;’n are eigen-
ons. It is proved that each differential operator of this kind can
yressed in one and only one way as a polynomial in D? and Dz.

If all calculations in this paper would be done in a straightforward
ren they would be quite long and tedious. In many cases it is indi-
how a considerable gain in time and effort can be made by exploiting
yometries in the formulas. It should be clear to the reader that due
> symmetry of the region this is a very charming class of orthog-

olynomials which can be studied in an elegant way.




2. Eigenfunctions of the Laplace operator which satisfy certain

symmetry relations

Consider a regular tessellation of the Euclidean plane by equilat-

eral triangles (cf. Fig.l).

wr

Fig. 1

et G be the group of isometries which is generated by the reflections in
n the edges of these triangles. Let R be a region bounded by one of these

riangles, say, with vertices 0 =(0,0), A] = (m, = n/¥3), A2 = (m,m /V3).




E J2 and J3 denote the reflections in the edges OA], OA2 and A1 A2,

:tively, of R. Observe that the isometries J2 J3 J2 Jl’ Jl J3 J] J2

| I, 3, J4 are the translations by the vectors v, = (m, 13,

(m, - 7/3) and Vs
7 that the reflections Jl’ Jz and J3 generate the group G. Alterna-

= (-21,0), respectively (cf.Fig. 1). It follows

7, the translations by v, and v, and the reflections J] and J2 gen-—
G. Let H be the region bounded by the regular hexagon

A3 Bl B2 B3 (cf. Fig. 1). The translations by v, and v, generate
aslation group for which H is a fundamental region. The encircled

s in Fig. 1 are the midpoints of the hexagons obtained by trans-

n of H. The reflections J1 and J2 generate a transformation group of
sgion H for which R is a fundamental region. Hence R is a funda-

1 region for the group G.
In order to facilitate computations we transform the Euclidean co-

ates s,t into new coordinates 0,T defined by
o =38+ t/¥3 , =85 - t//3 .

that in terms of these new coordinates v, = (2mn,0) and v, = (0,27).
eflections JI’JZ’JB can be expressed by
/

(-o+t , 1) s

J] (o,T1)

19, (0,1) = (0,0-1) >

LJ3 (o,1) = (271 , 27-0).

Let the mapping T ::m? +{R2 be a bijection. For each function f on
t the function Tf be defined by (Tf) (o,1) = f(T—](O,T)). If X is a
al differential operator in ¢ and 1 of order r and if the mapping T

class Cr, then let the operator dT(X) be defined such that
MNE = T(X(T_]f)) for each C° - function £ on]Rz.

In the following definition p(T) denotes the Jacobian determinant of

ometry T, so p(T) = +1.

[ITION 2.1. The function f(o,T) is called invariant (with respect to




he group G) if Tf = f for each T € G. The function f(o,7) is called anti-
.nvariant (with respect to G) if Tf =p (T)f for each T ¢ G. The partial
lifferential operator X in ¢ and t is called invariant or anti-invariant
with respect to G) if dT(X) = X or dT(X) = p(T)X, respectively, for each
T e G.

.EMMA 2.2. The function f is invariant if and only if f is 27 - periodic

n o and T and J]f =f = sz. The function f is anti-invariant if and only

£ f is 2m - periodic in o and T and Jlf =-f = sz.
This lemma is proved by using that the translations by v, and v, and
‘he reflections J] and J2 generate the group G.
.EMMA 2.3. Let the operators P" and P~ be defined by
+
2.3) (P£)(0,1) = ¢ [£(0,) * £(0,0-1) + £(-o+t,-0) * £(-1,0)

+ f(-t,0-1) * f(-o+1,1)].

+ - . . .
'hen the operators P and P are projections from the class of 2m -peri-
dic functions in o and T onto the class of invariant, respectively anti-

nvariant functions.

‘roof. By (2.2) and (2.3) we have

+ 1
2.4) PUE = g [£ £ J)f + J 0,6 + 0,338+ 3,0 ¢+ 3¢l
he lemma follows from Lemma 2.2 by using that Jf = id. = J; and
J,J, =J3,J3.J,. Q.e.d.

17271 2712

Let A = 82/352 + az/at2 be the Laplace operator. Clearly this oper-

tor is invariant. In terms of o and 7 it is expressed by

2 2 2

2.5) A=§('——2' +-—7+ ).
o0 0T 900T

. + -
HEOREM 2.4. Let the functions e , myn = 0, and e , myn = 1, be de-
m,n m,n

ined by




e; n(G’T) _ ei(mofnT) N ei((m+n)c—nt) + ei(-—(m+n)o+m"r)

+ ei(—nO"mT) + ei(no—(m+n)T) + ei(—m0+(m+n)T) if m,n > 0,

+ imo -imTt 1 (-mo+mt .
Qe O(O,T) = e + e + e ( ) ifm>0,
b

+ -ino inT i(no-nt .
e n(G,T) e + e + e ( ) tf n>0,
b

+
eO,O(O’T) =1,

\
. + - . . . . . .
the functions e and e, are invariant, respectively anti-invari-
3 H

+ -
Both systems {e_ _} and {e_ _} are complete orthogonal systems of
m,n m,n

functions of A on the region R and

__ 4 2 2 *
Aem,n = 3 (m”~ + n” + mn) em,n'

i(mo + nt)

, Let for arbitrary integers m,n fm n(O,T) = e . It follows
+ r + - +
.3) and (2.6) that P fm,n =6 em, if myn >0 , P fm,O =3 €0
+ + ; + _ ot - _ ] _
>0, P fO,n =3 0,0 ifn>0,7P f0,0 e0,0’ P fm,n 0ifm=0

. . . + o .
= 0. Thus the invariance of the functions e and the anti-invari-
3

of the functions e; n follows from Lemma 2.3. Formula (2.7) is ob-
5

. _ 2 2
d from (2.4) by using that Afm,n == (4/3)(m” + n” + mn) fm’n and

dJ](A) = A= dJ2 (A). Next we have to prove the orthogonality and
ompleteness of the systems {e;’n} and {e-,n}. Observe that each func-
g on R has an invariant extension g and an anti-invariant extension
R? and that these extensions are unique except on a set of measure
Let us denote by H the Hilbert space of 27 - periodic functions in

T which are square integrable on the hexagonal region H. Then the

ng g > g+ identifies the Hilbert space L2(R) with the subspace HY of
sisting of the invariant L2 - functions on H. Similarly, the mapping
" identifies LZ(R) with the subspace H of H consisting of the anti-

iant L2 - functions on H. Since for arbitrary f,g e H




"'JJ (P*£)s do dt = 6 JJ (P*t) (P'g) do dr
H R

= JJ f{;;;) do dt
H

it follows that the projections P':H > H and P :fl > H  are self-adjoint.
Let for myn 2 0 Hm n be the subspace of H spanned by the functions fm n’
b b
i oCo f -
J2fm,n’ J2Jlfm,n s J2J1J2fm,n s J1J2fm,n , Jlfm,n s 1.e., by all func
tions Tfm 0’ T € G. It follows by (2.2) that H is spanned by the func-

s m,n
i f f f f £
tions mn,n’> mn, -n’ -m-nm°’ -n, -m’ n, -m-n°
. Hence each function f » k,1 integers, is contained in one
-m, m+n , k,1 .

and'only once class H » myn = 0, The functions f » k,1 integers, form

m,n k,1

in orthogonal basis for H. So we have the orthogonal decompositions

m,n=0 m,n=0

+ + + .
. is spanned by P £ = const. e witn non—-zero constant
3y (2.4) P Hm’n P y m,n m,n R

H is spanned by P f =6e ifmmn=>1and PH = {0} if
m,n m,n m,n m,n

1 =0 or n=0. This proves the orthogonality and the completeness of the

systems {em,n} and {em,n}' Q.e.d.

A function g(o,t) which is a finite linear combination of the func-—

i(ko+lT)

:ions e » k,1 integers, will be called a trigonometric polynomial

. + -

n 0 and 1. The functions e n and e’ defined by (2.6), are clearly
b 3 -—

rigonometric polynomials in o and t. Note that both e and e are
1 (kot1T) o s

k_,l ’ such that cm,n = ] and Ck’l = 0 lf

»1 20 and (k,1) # (m,n). This property is applied in the following useful

emma .

xpressed by a sum Z c

i(mo+ . . .
EMMA 2.5 Let g(o,t) = z Cnn © (mo+n7) be a trigonometric polynomial.
b
+
hen g = Z Z c e if g is invariant and g = . c e
m>0n>0 W0 mn mzz 1 n%zl m,n m,n




is anti-invariant.

. Let g be invariant. It

+ +
g=)c P £ = z
m,n m,n oy
i (mo+n
Hence z c e ( v
m,n
implies that c =b
m,n m,n

ar proof can be given.

Let the lines A2 Cl , A
AIAZ (cf. Fig. 1) and le
A2 Cl’ A1 C2 and 0C3, r

roup of isometries which
e permutation group in t

ction 13 and by the rota

/

(o-1+2m

II(O,T)

j I,(0,1) = (-o+4m/

IS(O,T) = (T,O)f

-
llows by inspection from

+
e
3 "m,n

(1 ) (o,1) =

) (1,1, e ) (0,0)

Let us introduce the fi

proof of Theorem 2

for certain coeffi

+
e 0,T).
n (027

is anti-invariant

t the angles of th

note the reflectio
these reflections

. This group is is
s also generated b

= 1113. Observe t

n(_OQ—T)

n(O,T) s

-o+47/3)

n(c,r).

itial operators




| %= -1 "7 Gyt
bserve that
2.12) X1 + X2 + x3 = 0.

t follows from (2.2) and (2.8) that for each permutation (i,j,k) o
1,2,3) we have

]
»

dJi(Xi) Xi s dJi(Xj)

X, > 43 (X)) 3
- X 4L (X)) j

2.13)

"
1
<

dIi(Xi) -Xi, dIi(Xj)

AEQREM 2.6. Let Q be a symmetric polynomial in three variables. Th

2

+ *
2.14) Q(XI’XZ’XB)em,n —KQ(-m 2n,2m+n,—m+n)em n

700f. By the symmetry property of Q and by (2.13) the operator

(X],X ) is invariant. Hence the function Q(X],XZ,X3)e; is inv

2°%3 ,n
ad the function Q(XI,XZ,X3)e; n is anti-invariant. By (2.11) we ha

H

i(ko+1lt) i(ko+lTt)

Q(Xl,Xz,X3)e = Q(-k-21,2k+1,-k+1)e

1e theorem follows by using Lemma 2.5.

Two particular cases of (2.14) are the differential equations

2.2 2 ¢ _ 2 2 *
2.15) (X1+X2+X3)em,n =6 (m +n +mn)em,n,
+ +
.16 = = (m— *
) (X1X2X3)em,n (m n)(2m+n)(m+2n)em,n.




11

2 .2
that A = - (2/9)(X?+X2+X§}. It follows from the lemma below that

) and (2.16) generate all differential equations of type (2.14).

2.7 Let D be an invariant differential operator in ¢ and T with
ant coefficients. Then there exists a symmetric polynomial Q in ‘three
bles and a polynomial P in two variables such that D = Q(XI’XZ’XB)

12+X2+X2 X_X.X.). The polynomial P is uniquely determined by D.

172737 717273

', Clearly there is a unique polynomial F in two variables such that

(Xl,Xz). By (2.13) and by the invariance of D it follows that

1/6) Z F(Xi’xj)’ where the summation runs over all permutations

k) of (1,2,3). Hence there exists a symmetric polynomial Q such that
!(Xl,Xz,X3).According to van der Waerden [9,§33] the symmetric poly-

i1 Q(XI’XZ’X3) can be expressed as a polynomial in the three ele-

ry symmetric polynomials X1 + X2 + X3, X]X2 + XZXB + X3X] and

. _ 2 2 2 _
(3 But X] + X2 + X3 = 0 , hence X1 + X2 + X3 2(X1X2+X2X3+X3X]),
lere exists a polynomial P in two variables such that
22,2 .
E(XI,XZ,X3) = P(XI+X2+X3, X]X2X3). In order to prove the uniqueness of
ippose that P(X?+X§+X§ s X1X2X3) = 0 and that the polynomial P is non-
. . o _ . 2 2
Substituting X3 = Xl X2 we obtain that P(2(X1+X2+X1X2),
1em
,—xlxg) =0. The polynomial P(x,y) is a sum of terms Ch 1(%x)2k 1(—y)l,
. 3

, Jk and 1 are integers and ik = 1 > 0. Among the pairs of integers

) such that c # 0 there is a maximal element (m,n) with respect to

k,1

:ographic ordering. Then Chin is the coefficient of XT X; in the
b
itor P(2(X%+X§+X]X2) , = X%X2 - Xlxg) expressed as a polynomial
and X,. Hence c = 0. This is a contradiction. Q.e.d.

l 2° m,n




The classes of functions cos ns, n = 0,1,2,..., and sin ns, n
1,2,..., are both complete orthogonal systems of eigenfunctions of the
perator d2/ds2 on the interval (0,m). These functions satisfy the sym-
etry relations f(-s) = f(s) = £(2n-s) and f(-s) = - £(s) = £(2m-s), re-
pectively. Let the functions Tn and Un be defined by the identities
n(cos s) = cos ns and Un(cos s) = (sin(n+1)s)sin s. Then Tn(x) and Un(x)
re both polynomials of degree n, the so-called Chebyshev polynomials of
he first and of the second kind, respectively. They satisfy the orthog-

nality relations

1 -
_{ Tm(x)Tn(x)(l—xz) %dx =0, m # n, and

1
7 U (x)U (x)(]-xz)%dx =0, m# n.
R n
The functions e (0,7) and e_ (0,T) can be considered as gener-
m,n m,n
lizations of the functions cos ns and sin ns, respectively. It will be

+ -
‘o in is section that the functions o o
ved this cti n em,n( ,T) and em+l, n+1( ,T)/

; ](O,T),Can be expressed as polynomials in eT O(0,1) and eg ](o,r) and
9 . b H

at both classes of polynomials obtained in this way are orthogonal sys-
ns on a region bounded by Steiner's hypocycloid. These orthogonal sys-—
ns are a natural generalization of the Chebyshev polynomials.
Let us write
io -it el(—0+T)

z(o,T) = e+ (o,T) = e + e s
1,0

. 1)

_ . . . o
z(o,T) = o l(U,T) =e 19 4+ T4 el(0 T).
3

te that Z(o,T) is the complex conjugate of z(o,t).

MMA 3.1. Let Q be a polynomial in two variables such that Q(z(o,t),

0,7)) = 0 for all o,t. Then Q is the zero polynomial.

'00f. Suppose that Q is non—zero and has degree N. Then we can write




13

= ch lljkvl, where c, # 0 for some pair (m,n), m + n = N. It
b B .

b
rs from (3.1) that cﬁ n is the coefficient of el(m0+nT) in the trig-
b
:ric polynomial Q(z(o,1), Z(o,T)). Hence Con " 0. This is a contra-
’

m, Q.é.d.

Using (2.6) and Lemma 2.5 we derive the recurrence relations
e;+l,n =z e;’n - A e;—l,n+1 - A e;,n—l ifm>0o0rmn>1,
e;,n+l =z e;’n - An e;+1,n—l - A e;—l,n ifm>1o0rmn>0,
eT’] =zz-3,

A =1ifn# 1, A =2, e:l’_l =0 = efl,n.

From now on'nn(z,E) will denote an arbitrary polynomial in z and Z

gree < n.

EM 3.2. For each pair (m,n) of nonnegative integers there is a unique

omial in two variables, denoted by p;ﬁn, such that
b
_% _ +
Pm,n(Z(O’T)s z(o,1)) = em’n(G’T)-
p_% (z,2z) = AR (z,2)
m,n > m+n-1""7"7""°

'. The uniqueness part follows from Lemma 3.1. The existence part and

°

ast statement of the theorem follow from (3.2) by using complete in-

on with respect to m + n. Q.e.d.
By (2.9) there is the symmetry relation
T
) Pm’n(z,z) = Pn,m(z,z).

in be derived from (3.2) that, for instance,




14

-3 = = .2 _ o= -4 =\ = om o

P2,0(Z’z) =z 2z , Pl,l(z,Z) zz - 3,

-1

P320(z,2) = z3 - 3zz + 3, P é (z z) = 2 - 222
3

(3.5)
-1
P420(z,2) = z4 - 4225 + 222 + 4z ,

-1
P,.2,(z,2) = z3z - 3zz2 - 22 + 5% ,
3,1

-1
P.2,(z,z) = 2222 - 2z3 - 223 + 422 - 3 .
2,2

.

In a similar way as (3.2) one can derive the recurrenc

e =z e - e - e— m,n = 1
m+1,n m,n m—1,n+1 m,n-1 * ° ’
(3.6) ﬁ
e =Ze -e_ - e m,n = 1
m,n+1 m,n m+1,n~1 m-1,n > ° ’
L

where e_ =0 1if m =0 or n = 0.
m,n

The following theorem can be proved in a similar way a

THEOREM 3.3. For each pair (m,n) of nonnegative integers the

1
polynomial in two variables, denoted by p; o’ such that
y

1 e (o,1)
(3.7) P! (2(0,1), Z(o,1)) = tlom¥l
’ e]’l(G,T)
1
2 = m.n
Then m,n(z »Z) zZ +mo (z z).

Again we have by (2.9) a symmetry relation

3.8) Pl L (2D =0l (32

ue




n be derived from (3.6) that, for instance,

y
p% (z,z) =1 p% (z,Z) =
0,0 ’ > 1,0 ’
3 - 2 _ 4 - -
ﬁ 2.0 (z,2) = 2" - 2, Py, (z,2) =12z -1,
pi (z,z) = Z3 - 22z + 1 p% (z,zZ) = ZZE - 22 -z
3’0 ’ H 2’1 ’ .

. 3.4. Let the coordinate transformation (s,t) - (x,y) be def

1, (3.1) and
) x =4 (2+2), y = i1 (-z+2).

the Jacobizn determinant of this transformation equals

) 3(x,7) = - (i/V3) e

5(s, ) 1,1 (o,1)

= (8/Y/3) sin s sin (is+}V3t) sin (}s-3/3t),

it is non-zero on the region R.

. We have

d(x,y) _ 3(o,1) 3(z,2) 3(x,y) _ 9(z,2)
3(s,t) 9d(s,t) 8(0,1) 0(z,2) 7? 3a(o,1) "

function 3(z,z)/9(0,t) is anti-invariant and

0(z,2) =9
3(o,1)

N
Q
Y
QO
N

(o,1)

T %1,

I

|

|
m‘m
Qlni

QL
Q
(5]
-
(o34
~

3.1) and Lemma 2.5. It follows from the explicit expression

that

e; ](O,T) = - 81 sin(do+it) sin(o-it1) sin(-jo+1).
b

15

y

of




'roves (3.11). The zero lines of the function e; 1
3

y triangles in the tessellation of Fig. 1. Q.e.d.

are just the edges

By the previous lemma the mapping (s,t) - (x,y) is a diffeomorphism
. onto a certain region S in the (x,y) - plane and the boundary 3R of
iapped onto the boundary 9S of S. In terms of the coordinates o,t the

of the triangle 3R have the parameter representations

( oA, = {(6,20) | 0 <6 < 2m/3},

q A, = {(8,21-0) | 2n/3 < 6 < 4n/3},

| A,0 = {(47=26,2n-0) | 4n/3 < 6 < 2},

g. 1. Hence, by (3.1), 3S has a parameter representation

z=x+ 1y = 2 ele + e—ZLe, 0 <86 < 2m,

the images of O,Aland A2 correspond with the values 6 = 0 , 2nw/3,
respectively. It follows easily from (3.12) that if a circle of

1 rolls on the inside of a fixed circle of radius 3 then 3S is the
of a point on the smaller circle. The resulting curve (cf. Fig.2)
ree cusps and it is known as Steiner's hypocycloid, see for instance
[7, §§ 73, 74] and Hilton [4, Chap. 17, §§ 2,5]. Then S is the re-

nside this curve.




3 3
(- 553/ tly

('1,0) (390)

3/ 3 Fig. 2
(- §’ 2‘/—5)

By elimination of 6 in (3.12) it can be shown that Steiner
:loid is an algebraic curve of the fourth degree. This can a!
»d in the following way. The function (e; ])2 is invariant.

b
from (2.6) and Lemma 2.5 that
2 + 4 + + +

(e) )7 =ey 5~ 285 g 28 5+ 28 ) = 68y 4

e, by (3,3), (3.5) and (3.4}

3) (el ](o,T))z = 2222 - 4z3 - 423 + 18z - 27.

utting e,

](0,1) = 0 the equation for Steiner's hypocycloid
b

4) (x2+y2+9)2 + 8(-x3+3x2y) - 108 = 0.

Instead of x,y we shall often use the coordinates z = x +

x - iy on the region S. Let
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(3.15) w(o,1) = sin(io+it) sin(o-}t) sin(-io+1),

(3.16) 1(z,2) = - 2252 + 4z + 435 - 1823 + 27.

Then w is positive on R, u is positive on S, and by (3.11) and (3.

have
- - 2 2
(3.17)  u(z,3) = = (e] (0,0 = 64(w(o,1))°.
b
-1
THEOREM 3.5. The polynomials Pmin are orthogonal on S with respect e
> 1

-1
veight function yu %. The polynomials p; o are orthogonal on S with
b

spect to the weight function u%.

’roof. By (3.11) and (3.17) (u(z,E))_%dx dy = const. do dt. It foll at

+ + )
JJ em’n(o,r) ek,l(G’T) do dt
R

= const. [J p;%n(z,i) p;fl(z,i)(u(z,i))—é dx dy
S

ind

JJ Cne1,n1 (00T €yp, 149 (0> T) do dr
R

1 -
const. JJ p? n(z,E)pi (2D (e 1(o,r))2 do dt
R

1 - 1
3 =y 3 - =\y 2
const. J pm,n(z,z)pk,l(z,Z) w(z,z))? do dr.
S

’he theorem is then proved by using Theorem 2.4. l.
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thogonal polynomials on the interior of Steiner's hypocycloid with re-

to a more general weight function

If the weight functions (l-xz)_% and (l—xz)% for Chebyshev poly-
1ls are generalized to (l-x)a(l+x)8, - 1< x< 1, then the corre-
ing orthogonal polynomials are the Jacobi polynomials Pi?’s)(x), for
. many properties of the Chebyshev polynomials can be generalized. In
section the polynomials p;%n(z,i) and pi’n(z,i), introduced in §3,
be generalized in a similar way by considering the weight function

z))% on the region S.

. 4.1, Let o be a real number. Then

Jj(p(z,i))adx dy < = if and only if o > - 5/6.
S

. It is an equivalent problem to find all real values of ¢ for which

o+l
JJ(W(O:T))Z do dt < »
R
» w(o,T) is given by (3.15). This integral clearly converges if

- 3. If small neighbourhoods of the three vertices of R are excluded

the region of integration then the integral converges if and only if
1, due to the singularities on the edges of R. Next consider a small

bourhood V of the vertex 0 of R. Introducing polar coordinates r;¢

that o = r cos ¢, T = r sin ¢, we have (w(o,1))°* ¥ ! = 0(r®**3y if

. Hence, ff(w(o,1))2a+ld0 dt < «» if and only if fg 1‘60L+4 d

A
if and only if a > - 5/6. For the two other vertices of R the same

r < «,§ >0,

ality can be obtained. Q.e.d.

[ITION 4.2. For real o > - 5/6 and for integers m,n > 0 the function

z,z) is a polynomial such that

o - m-n -
= +
P22 =zz +m (22,

po (23 4(z,2) ((2,2)" dx dy =0
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Lf ¢ is a polynomial of degree less than m+n.

The conditions (i) and (ii) of Definition 4.2 uniquely determine t
1 1

polynomial pg ' The polynomials p;zn and p; defined by (3.3) and (3.7
5 b b

=]

satisfy these conditions for o = - § and o = §, respectively.

It is clear from Definition 4.2 that

4.1) Jj Py a2 2Py (2,8 (1(2,2)" dx dy = 0

S
-f m+n # k+l. The proof that (4.1) also holds if m+n = k+1, (m,n) # (k,1
rill be postponed to §5 and §6.

In the author's previous paper [6, (3.14)] certain orthogonal poly-
omials in two variables u and v were defined by orthogonalization of the
‘eqﬁence l,u,v,uz,uv,v ,v3,u2v,... - The method of orthogonalization in
‘efinition 4.2 is quite different. The so-called disk polynomials are a
ore elementary example of this method of orthogonalization. Let for

> =1 and for m,n 2 0 the polynomial qg’n(z,i) be defined by
’

n! _ o(a,m-n)

@ra+1)_ 'n (227-1)z" " if m > n,
n

1 (o,n-m) —_ y=D"T . _
k?;;afﬁjg-Pm (2zz-1)z if m < n,

here Pia’B)(x) denotes a Jacobi polynomial. Then it can easily be proved
hat

. o -y _ _m-n -
1) q ’n(z,z) =z z + ﬂm+n_](z,z),
) JJ ©(xtiy,x-iy) q¥ | (xtiy,x-iy)
qm,n ’ k,]. Y y
x2+y2 < 1

(1-x2-y%)%4x dy = 0 if (m,n) # (k,1).
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5. The polynomials pg " as eigenfunctions of a . second order differential
k]

()

operator D]

In this section an explicit second order partial differential oper-

1
First the case that a = * } is obtained by transforming (2.15) in terms of

ator D° is introduced for which the polynomials pi , are eigenfunctions.
H

. - o . .
the coordinates z,Z. Next the operator D] 1s constructed as a generaliza-—

-1
tion of Dl2 and D% such that it is a self-adjoint operator with respect to

the appropriate weight function. Finally it is proved that D?pg n
H]

= const. pg n-This is done in a similar way as in [6, §41].
H

Given a partial differential operator D in terms of ¢ and T it is a
tedious job to express D in terms of z and Z by a straightforward trans—
formation of variables. The recurrence relation (5.1) below can be very

helpful in doing such calculationms.

LEMMA 5.1. For fixed o > - 5/6 let D = Zcm n(z,E)(a/az)m(S/BE)n be a dif-
3

ferential operator of order N such that ng = A o m,n = 0. Then

,0 m,n pm,n’
the coefficients ¢ are uniquely determined by the eigenvalues Ak 1°
b - m_n - 9
+ < = . + .
< 1 <N, and cm’n(z,z) coPst z Z ﬂm+n_1(z,z)

roof. Substituting the explicit expression for D in the differential

o o .
2 i D = A and in at
quation pm,n m,n pm,n nd using th

a - m_n - . .
) n(z,z) =z2z +7 (z,Z) we obtain the recurrence relation

m, m+n-1
8k+l o

m,n
k,1 k.1 '
0z 3%

'5.1) m!n'c = A pu - z c
m,n m,nTm,n L

‘he lemma follows by complete induction with respect to m + n. Q.e.d.

If D is a differential operator and f is a function then let D o f be
lefined as an operator such that (Dof)(g) = D(fg) for each function g,
henever the differentiations can be performed.

Let us define




-4 1,2 2 2
D1 6(X1 + X2 + X3),
! 1, - -1,.2 2 2 -
2 - 2 )
Dy =gley, ) X+ X+ X5 e ep
2 2 20 - - .
(Xl + X2 + X3) el’] = 18 el’1 by (2.15) a

we can rewrite formula (5.3) as

2

i 1,.2
2 _ 1
D1 6(Xl + X2

6

llows from (2.15), (3.3), (5.2), (3.7) and

b b - nZenZemny oot
D1 pm,n = (m +n +mn) Pm,n’
1 1
3z _ 2 2 3
D1 pm,n (m”+n” +mn+3m+3n) pm’n.

-1 1
12 and D; can be expressed

(5.5), (5.6) and (5.1). It already follow
1 1

D,? and Df have the same second order part

-1 1 R
) = D]§ and d13(D;) = D% by (2.13), (2.9

1

- 1
tors Dl2 and Di remain invariant if z and

The operators D

1
1
2

— ]

that
2 2
Dl% = (z2—32) 2—7 + (2z-9) 0 + (
32 5207
sz 43
Z 3z oz °’
2 2
1
DZ = (22-37) 2+ (23-9) Z— + (Z
1 7 -
32 3203

3 - 0
+4ZE+4Z-8—2.

2 1 -
+ X3) + ¥ t(Xlw)Xl'

1 -2 2 2 .
= -y [(Xlow )X] + (Xzow )X2 + (

ng tha

X, +

X, J.

that

rms of
(5.2)

hermor
2) and

interc

Qo
N

(s3]
NI
N

@
N

N

(s3]
NI
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It follows from (5.7), (5.8), (5.2) and (5.4) that

-1, 4 _a.r.0 )
(5.9) w [(Xlw)Xl + (sz)X2 + (X3W)X3J —-9(z§E-+ 2539.

Next we define as a generalization of (5.2) and (5.4) the operator

o 1,2 .2 2 1 -1

(5.10) D, = 5(X1+x2+x3)+g(2a+1)w [(xlw)x] +(x2w)X2+(x3w)x3]
_ 1 =20-1 or 201 org 20F] or 201
=gV [(Xl w )X1 + (X2 w )X2 + (X3 w )X3]-

This choice of D? is motivated by the following lemma.

LEMMA 5.2. Let o > = 5/6. Let f and g be invariant trigonometric polyno-

mials in ¢ and 1. Then the same holds for D?f and D?g and

(5.11) ” %) & W l4s dr= ” f(D‘;‘g)wz"‘”d@x dr
R R
Proof. The invariance of D?f follows by (2.13) and the fact that

W = const. e. The functions (X?+X§+X§)f and (X]w)(X]f)+(X2w)(X2f)

1,1°
+ (X3W)(X3f) are clearly trigonometric polynomials. This last function,

which we denote by F, is anti-invariant. Hence, by Lemma 2.5 and Theorem
3.3 the function w_lF is a trigonometric polynomial in o and T, and thus

the same is true for D?f. Next we have to prove (5.11). By (2.11) and

(5.10) we have D? = p*

| SO we may prove as well that

(5.12) H D) g v ldodr = ” £(0%g) Wl do dr

R R
where f and g are trigonometric polynomials in ¢ and t. Both sides of
(5.12) are well-defined and analytic in a if Re o > - 5/6. If o > - i th
w2a+] vanishes on 3R and it follows by integration by parts and by appli

cation of Gauss's theorem that




JJ(D?f) g w2a+1d0

R

+ (X20w2a+1)X2f +

= -1

= 6”[(le)(xlg
R

versing the roles of f a

D]ag) w2a+ldo dt. So (5.1

ws by analytic continuat

For particular values o

in symmetric spaces. Fir

ssed in terms of s and t

4 o _  =2a-1.
) 3 D] =w L(

w(o,t) = sin s sin(is+}

der a compact Riemannian
icted root vectors have
it follows from Harish-C
) D? given by (5.13) den
tor on such a symmetric
bilities are the spaces
xceptional space E IV (o
Using (5.2), (5.7), (5.

rms of z and Z as

25

20+1
ow

)X]f

3f] g do dt

g) + (X3f)(x3g)]w2“+‘dc dt.

een that this expression equals

for a > - }. The general case

Q.e.d.

o, . .
ator Dl has an interpretation on

by (2.11) the operator p*

1 can be

) 20+1.9
+ (5? w )'57:']’
-1/3t).

pace of rank two for which the
am 0 - 0 and multiplicity 2o + 1.
270, Cor.1] that the operator

ial part of the Laplace-Beltrami
aki [1, pp. 32,33] the only
(a=0), SU(6)/Sp(3) (0=3/2) and

o

) we find that D]

can be expressed
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2 2 2

§—§-+ (22-9)3 + (52—32)2—5
0z 9z9z 3z

(5.14) D? = (z%-3%)

PR
*+ 3(avg) (zgpz53).

It follows from (5.14) that

(5.15) DY("2") = (@ tmn+n®+3(a+}) (mn)) 22" + m (2,5).

Since w2a+ldodr = const. uadx dy we conclude from Lemma 5.2

(5.16) ”(D‘}‘p)c‘; v dx dy = H p(0{q) u* dx dy
- S S

for arbitrary polynomials p(z,Z) and q(z,Zz).

THEOREM 5.3. Let a > - 5/6. Then

(5.17) D = (m2+mn+n2+3(a+%)(m+n))p$ 0’
b

Proof. It follows from (5.15) that

a - m—n
(z,Z) = const. z z +
m,n m+n-

a -
D/ P 1(z,Z)-
Let q(z,z) be a polynomial of degree less than m+n. Then the same

for D?q and by (5.16) and Definition 4.2 we have

o o o _
J[ Pm,n(D]q) pdx dy = 0.

o - a
JJ(D?pm L) 4 1 dx dy
3
S

o .
const. Phon where the constant
H

, . e o_o
dence, by Definition 4.2, Dlpm,n
ziven by (5.15).




holds nd (m,n) # (

genval

+ ;(m under the

s 1
s by (
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6. The polynomials pg 4 as eigenfunctions of a third order differential
3

o

operator D2

It is clear from (2.16) that there exist third order operators
-1 1 -1 1
2 3 . . 2 2 .

D2 and D2 for which the polynomials Pm,n and Pm,n’ respectively, are

a
2

- 1

5 and D;, such that DZ is self-adjoint

on R with respect to the weight function w2a+1. Then it will be proved

eigenfunctions. In this section a third order operator D. will be con-

Nl

structed as a generalization of D

that the polynomials pi o are eigenfunctions of D;.
9

Let us define

N

(6.1) D2 = X1X2X3,
(6.2) p2 = (7 )7l XXX 00l
: 2 %1,1 1°273°%1,1°
Since X1X2X3e; 1= 0 by (2.16) and using that w = const. eI ) We can re-
H 3

write formula (6.2) as

—_ _lr
(6.3) D2 = X XXy +w [(X]w)X2X3 + (XZW)XBX] + (X3w)X]X2]

N M=

-1
+ w [(XIXZW)XB + (X2X3W)X1 + (X3X1W)X2].

It follows from (2.16), (2.3), (6.1), (3.7) and (6.2) that

-1 - -1
(6.4) D,* p fn = (m-n) (2m+n) (m+2n) ijn’

1 1 1
I 2 _ (e 2
(6.5) D; Po,n (m=n) (2m+n+3) (m+2n+3) Po,n’

-1 1
By comparing (6.1) and (6.3) it follows that D22 and Dé have the
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third order part. By (2.13), (2.9), (6.1) and (6.2) we have

(Dg) - D; ,0 = *1. In terms of z and Z this means that the operator

a
2

e properties and formulas (6.4), (6.5), (5.1) we can express D2 and

o =+ }, is transformed into -D, if z and Z are interchanged. Using

n terms of z and Z as

3 3
) p Y = (223-923+27) L= + (3223-1822+272) 2
2 3 5
0z 9z 90Z
3 3
+ (=323%+182%-273) 2 + (-2334923-27) 2
=7 3
9292 9Z
2 2
+ (622-183) §—§-+ (-6324182z) & + 22 2 - 25 2|
9z 9z oz 9Z
3 3
1
) DI = (223-925+427) S— + (3222-182%+272) 2
2 3 -
9z 9z 9z
3 3
+ (-322°+182%-273) 2 5+ (-274923-27) 2~
= 3
9292 9z
2 5 2 52 s 3
+ (1522-453) & + (-153%+452) >~ + 20z & - 203 2 .
5 ) -
0z 9Z 0z 9z

A calculation shows that

- ] — 0
) w ][(XIXZW)X3 + (X2X3W)Xl + (XBX]w)XZJ = 9z Y 9z s
can be done in the following way. It is clear that the left hand side
5.8) takes the form c(z,z)(3/3z) - c(Z,2)(3/9z) for some function
z). By using Lemma 2.5 it follows that
- + - + - + -
X = .
el P (Xgey o)+ (RXgey ) (Xpey o) + (XgXjey )(Kpey (4) =9 e,

[\

2,1

w

- 1 _
c(z,2z) =9 e / e 9Pf’0 (z,2) =9 z.
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By comparing (6.1), (6.3), (6.6), (6.7) and (6.8) we obtain that

-1
6.9) v L) Xy + (X,0) XX, + (X;0) X,X,]
2 2
= 9 (z2-3%) -3—7 +9(-2%432) 2+ 92 & -9z |
oz oz 9z oz

Consider the differential operator D = X c n(o,T)(a/Bo)m(a/ar)n,
3

. + . . s .
vhere c is a C" P~function on R. Then the formal adjoint D" of D is de-
3

fined as the operator

m+n
m+n 0

i
m

°c o (o,1).
511 60 9T ’

By using that §£ = - Xk and Xi = Xk (k=1,2,3) it follows from (6.1)

2

Nl

2

1
); we try to find an operator Dg which takes the form

Nl

and

1 -
and (DE)* = WZD% o w 2. Generalizing D

1
and (6.2) that (Dzz)* =D

o _ -1
(6.10) D2 = X1X2X3 + Aaw [(X]w)X2X3 + (XZW)XBXI + (X3W)X1X2]

-1
+ Baw [(XIXZW)X3 + (X2X3w)X] + (X3X]W)X2]
for certain constant coefficients Aa and Bu and which satisfies

o\* _ 20+l o -2a-1
= °w .

(6.11) (Dz) D,

2

LEMMA 6.1. Formula (6.11) holds if A =o + §, B = (0+i)°. If a # 0

o

then Aa and Ba are uniquely determined by (6.10) and (6.11).

Proof. It follows from (6.10) that
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-2a-1, 0
W

(Dz * w20L+1 ~-20-1 o W20L+]

=W X. X X

) 1723

- -2a-1 o o To 20
Aaw [X2X3 (Xlw) + XBXI (sz) + XIXZO(X3W)J w

-20-1 20,
+ Baw [X3°(X1X2w) + XIO(X2X3W) + X2°(X3X]W)]°w
traightforward calculation this becomes

=20-1, a\* 2o+l _
(Dy) ow 1%2%3

<+

-1
(2a+]—Ad)W [(XIW)X2X3 + (XZW)XBXI + (XBW)XIXZJ

+

-1
(2a+1—2Aa+Bu)w [(XIXZW)X3 + (X2X3w)Xl + (XBX]W)XZJ

+

(2u(2a+1)—4aAa)w_2[(Xlw)(sz)XB +(X0) (Rgw) K+ (X g0) ]

+

(20(20+1)2-60.(20+1)A_+ 4aBa)w_3(Xlw)(sz)(X3w)

it is used that X1X2X3w = 0 and that

w_z[(Xlw)(X2X3w) b (Ry) (KK W)+ (Kgw) (X, X,m)]
- 2w’3(x]w) (X, (Xgw)

last identity holds since, using Lemma 2.5, we have

D KXy )+ (Kpey D(RKiey )+ (Xgey X Kpey )
oty - - ot It BN 3.3

(e3’0 e0’3) 54(p3,0 P0,3) 54(z7-z7) and

)-1(XleI,l)(XZe;,l)(X3e;,1)
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-1 i 4 3

- - _ _ - 3 -
) (e4’1-e1,4) = 27(1)3’0 p0,3) 27(z"-z7).

= —27(e]’1

The differential operators given by (6.10) and (6.12) must be equal.

Comparing the second order parts we find that Aa==a + }, and next com-

paring the parts of zero order we obtain that Ba==(q+§)2 if o # 0 and

Bu is arbitrary if o = 0. Q.e.d.
Because of the previous lemma we define D° as the operator

2
o _ 1 -1
(6.13) D2 = X1X2X3 + (a+dw [(X]W)X2X3+(X2W)X3Xl+(X3W)X1X2]

+ (a+%)2w—1[(XIXZW)X3+(X2X3W)X]+(X3X]w)X2]. '

formulas (6.1) and (6.3) are special cases of (6.13).

LEMMA 6.2. Let a > - 5/6. Let f and g be invariant trigonometric poly-

romials in o and 1. Then the same holds for D;f and D;g, and
(6.14) ”(DZf) g W l4g dr = ” £(0%8) w2 l4g dr
R R

roof. Similar to the proof of Lemma 5.2 it can be shown that D;f and D;g
ire invariant trigonometric polynomials in ¢ and tT. Because of (6.11) we
‘ry to prove (6.14) by repeated integration by parts and by application
f Gauss's theorem. Thus we obtain a string of equalities connecting both
siides of (6.14) with each other. However, this only proves (6.14) if al{
ijurface integrals occurring in these equalities converge and if all line

ntegrals occurring in the equalities vanish. It follows from (6.13) that
20-2 201

‘hese integrals take the forms // h w'" “do drand S/ h w (cldo+c2d1),
R oR
'here h is some trigonometric polynomial in o and T, and c and c, are

onstants. Thus the result is clear if o > 2/3. The case that

5/6 < a < 2/3 can be proved as follows. By (2.11) and (6.13) we have

.3 = - Dg s 50 (6.14) is equivalent to
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D) 'JJ(Dgf)gw2a+ldc dt = ;'ij(Dgg)w2a+]do dr,
R R

rigonometric polynomials. Both sides of (6.15) are well-defined and

'tic in o if Re a > - 5/6. Since (6.15) is already proved for a > 2/3,

.eneral case of (6.15) follows by analytic continuation. Q.e.d.

Using (6.1), (6.6), (6.8), (6.9) and (6.13) we find that Dg can be
ssed in terms of z and Zz as

3 3
) D% = (22°-923+27) 3—5 + (32%5-182%4272) .
dz 9z 9z
3 3
+ (-32'z'2+1822—27z) 3 5 + (-223+9z2-27) S
923z 9z
2 2
+9(at L) (22-32)—25 + (-24+32)—]
6 7 ")
9z 9Z

7 (0e3) (42 - 52
*9(a+g) (a+g) (257 — Zgp)

llows from (6.16) that

) Dg(zmin) = (m-n) (2m+n+30+3/2) (m+2n+30+3/2) 2 z°

ﬂm+n_](z,z).

Since w oL+ldc.7-d'r=const. uadx dy we conclude from Lemma 6.2 that

) JJ(D;p) T dX-dy==JJP(DZQ) u® dx dy
S S

rbitrary polynomials p(z,z) and q(z,z). By using (6.17), (6.18) and
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rmula (4.1)
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and (6.19).

finally prov
n) # (k,1).

m is proved in the same way as Theor

'3/2) (m+2n+30+3/2) p; o
b

if (k,1) = (n,m) and m # n.
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o a
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Q.e

t the orthogonality relations (4.1)
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e algebra of differential4operators.generatedAby.D?.and.Dz

In this last section we consider the class, denoted by Aa, of all
al differential operators in z and z which admit the polynomials
as eigenfunctions. The methods and results are similar to [6,8§61].
now on it is supposed that the parameter o is a fixed real number
r than - 5/6. We shall write pm’n, D], D2, A instead of Pi,n’ D?,
.a, respectively.

Clearly, the class A is an algebra of operators and, by Lemma 5.1,
algebra is commutative. The operators D1 and D2 are elements of A

hey generate a subalgebra AO of A which consists of all polynomials

and D,. It will be proved that A0 = A.

. 7.1. Let D = Z c n(z,i)(B/Bz)m(B/BZ)n be a differential operator of
5

' N, where the coefficients ¢, o are polynomials in z and Z. In terms
3

and T let D = Z bk’l(c,T)(B/BO)k(a/BT)l, (0,7) € R. Then the func-
) have unique extensions to one-valued analytic functions, regu-
‘or ;11 complex values of o and T except possibly on the lines

) = 0. Furthermore, if the operator D is extended in this way to the

m {(O,T)IW(O,T) #0} then D is invariant with respect to G.

)

*, A calculation shows that

d _ ,3(z, AN 9 _ 9z 93
%z (3(0 T)) ( 30 90 aT)
= Lo, T e Ty xy) + T xx)) + T ()0,

s the lemma is true for the operator 3/9z, and similarly for the oper-
9/9Z. The lemma clearly holds for the zero operators z and z. Then

reneral result follows immediately. Q.e.d.

In the remainder of this section Gn will denote an arbitrary par-

differential operator in ¢ and T of order < n. It follows from (5.10),
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(6.13) and (2.12) that

. 2
(7.1) Dy =3 PFX Xp4K)) + 8,
(7.2) D, = - (X°X.+X.X%) + &
. 2 1%2%%1 %y 2°

.EMMA 7.2. Let D € A and write

: _ k N-k
(7.3) D = O, XX, Sy

k

o~z

c, (
ok

hen the coefficients ¢, are constants.

roof. Since D € A, D commutes with D1 and D2. Put ) = 0 if k < 0 or
: > N. By (7.1) and (7.3) the vanishing of the terms of order N + 1 in the

yperator DD1 - DID implies that (2X1+X2)ck_1+ (X]+2X2)ck = 0.

iimilarly, by (7.2) and (7.3) the vanishing of the terms of order N + 2 in

+ 2 (X1+X2)c + X, c 0.

k-1 7 %2%-2 T
.dding and subtracting these two recurrence relations we obtain that
2

‘he operator DD2 - D2D implies that chk

Z](ck+ck_]— Ck—2) =0, X2(2ckjck_1—ck_2) = 0. Since c_, = c_, = 0, it

1 -2
ollows by complete induction with respect to k that X.c, = 0 and

1k

9C = 0. Hence ¢, 1s constant. Q.e.d.

HEOREM 7.3. Let D € A. Then D can be expressed in one and only one way as

polynomial in the operators D] and D2.

roof. Suppose that there exist elements of A which can not be expressed as
olynomials in Dl and D2 and let D be such an operator of minimal order N.
hen by Lemma 7.2 D = Q(X],Xz) + GN-l’ where Q is a homogeneous polynomial
f degree N. By Lemma 5.1 and Lemma 7.1 D is invariant with respect to G.
ence the operator Q(X],XZ) is invariant, so it follows from Lemma 2.7 and
ormulas (7.1), (7.2) that D = P(DI’DZ) + 6N-1 for some polynomial P.

ence D - P(DI’DZ) € A. Then, by hypothesis, D - P(D]Jb) is a polynomial in

1 and DZ’ so D is a polynomial in D] and D2. This is a contradiction.
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that there ex-—
1’D2) is the
sum of terms

1 2 0. Among
aximal element
and (7.2) c
c = 0.

m,n
Q.e.d.

1

. D, are alge-

2

riables and if
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